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Abstract
Let G be a deﬁnably compact deﬁnable group, X a deﬁnable G set and Y a deﬁnable closed
G subset of X. We prove that a pair (X, Y ) admits a deﬁnable G homotopy extension.
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1 . Introduction.
LetN = (R,+, ·, <, . . . ) be an o-minimal
expansion of a real closed ﬁeld R. Every-
thing is considered in N and every deﬁnable
map is assumed to be continuous unless oth-
erwise stated.
General references on o-minimal struc-
tures are [1], [2], also see [6].
Let G be a deﬁnably compact deﬁnable
group, X a deﬁnable G set and Y a deﬁnable
G subset of X. We say that a pair (X, Y )
admits a definable G homotopy extension
if for any deﬁnable G map f from X to a de-
ﬁnable G set Z and any deﬁnable G homo-
topy F : Y ×[0, 1]R → Z with F (y, 0) = f(y)
for all y ∈ Y , there exists a deﬁnable G
homotopy H : X × [0, 1]R → Z such that
H(x, 0) = f(x) for all x ∈ X and H|Y ×
[0, 1]R = F , where [0, 1]R = {x ∈ R|0 ≤ x ≤
1}.
LetM = (R,+, ·, <, . . . ) be an o-minimal
expansion of the ﬁeld R of real numbers. De-
ﬁnable G sets in M are studied in [5], [4],
[3].
Theorem 1.1 ([4]). If N =M, G is a
compact deﬁnable group, X is a deﬁnable G
set and Y is a deﬁnable closed G subset of X,
then (X, Y ) admits a deﬁnable G homotopy
extension.
In this paper, we generalize Theorem 1.1
to N .
Theorem 1.2. Let G be a deﬁnably com-
pact deﬁnable group. If X is a deﬁnable G
set and Y is a deﬁnable closed G subset of
X, then (X,Y ) admits a deﬁnable G homo-
topy extension.
2 . Proof of Theorem 1.2
Let X ⊂ Rn and Y ⊂ Rm be deﬁnable
sets. A continuous map f : X → Y is a
definable map if the graph of f is deﬁnable.
A group G is a definable group if G is a
deﬁnable set and the group operations G ×
G→ G and G→ G are deﬁnable.
A deﬁnable setX is definably compact if
for every a, b ∈ R∪{∞}∪{−∞} with a < b
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and for every deﬁnable map f : (a, b)R → X,
limx→a+0 f(x) and limx→b−0 f(x) exist in X,
where (a, b)R = {x ∈ R|a < x < b}.
If R = R, then for any deﬁnable sub-
set X of Rn, X is compact if and only if
it is deﬁnably compact. In general a deﬁn-
ably compact deﬁnable set is not necessarily
compact. For example, if R = Ralg, then
[0, 1]Ralg = {x ∈ Ralg|0 ≤ x ≤ 1} is deﬁn-
ably compact but not compact.
Let G be a deﬁnably compact deﬁnable
group. A group homomorphism from G to
some On(R) is an orthogonal G representa-
tion if it is deﬁnable, where On(R) means
the nth orthogonal group of R. An orthogo-
nal G representation space is Rn with the
orthogonal action induced from an orthog-
onal G representation. A definable G set
means aG invariant deﬁnable subset of some
orthogonal G representation space.
A G map between deﬁnable G sets is a
definable G map if it is a deﬁnable map.
LetX be a deﬁnable G set and Y a deﬁn-
able G subset of X. A definable G retrac-
tion from X to Y is a deﬁnable G map
r : X → Y with r|Y = idY . A definable
strong G deformation retraction from X
to Y means a deﬁnable G map F : X ×
[0, 1]R → X such that F (x, 0) = x for all
x ∈ X, F (y, t) = y for all y ∈ Y, t ∈ [0, 1]R
and F (X, 1) = Y , where the action on [0, 1]R
is trivial. Note that F (·, 1) : X → Y is a de-
ﬁnable G retraction from X to Y .
By a way similar to the proof of 3.4 [4],
we have the following theorem.
Theorem 2.1. Let G be a deﬁnably com-
pact deﬁnable group and Y a deﬁnable closed
G subset of a deﬁnable G set X. Then there
exists a G invariant deﬁnable open neighbor-
hood U of Y in X such that Y is a deﬁnable
strong G deformation retract of both U and
of the closure cl U of U in X.
Proposition 2.2. Let G be a deﬁnably
compact deﬁnable group and A,B disjoint
deﬁnable closed G subsets of a deﬁnable G
set X. Then there exists a G invariant de-
ﬁnable map f : X → [0, 1]R with A = f−1(0)
and B = f−1(1).
Proof . By 10.2.8 [1], X/G is a deﬁnable
set and the orbit map pi : X → X/G is a
deﬁnable map. Since A,B are deﬁnable and
closed, pi(A), pi(B) are deﬁnably closed sets.
By 6.3.8 [1], there exists a deﬁnable map h :
X/G → R with pi(A) = h−1(0) and pi(B) =
h−1(1). Thus f := h ◦ pi : X → R is the
required G invariant deﬁnable map.
Proof of Theorem 1.2. To prove Theo-
rem 1.2, we prove that there exists a deﬁn-
able G retraction F : X × [0, 1]R → (Y ×
[0, 1]R) ∪ (X × {0}).
By Theorem 2.1, there exist a G invari-
ant deﬁnable open neighborhood U of Y in
X and a deﬁnable strong G deformation re-
traction H : cl U × [0, 1]R → cl U from cl U
to Y . By Proposition 2.2, we have a G in-
variant deﬁnable map λ : X → [0, 1]R with
λ−1(0) = X − U and λ−1(1) = Y . Put
B = {(x, t) ∈ cl U × [0, 1]R|12 ≤ λ(x) <
1, 2(1 − λ(x)) ≤ t ≤ 1}, C = {(x, t) ∈
cl U × [0, 1]R|12 ≤ λ(x) < 1, 0 ≤ t ≤ 2(1 −
λ(x))}, D = {(x, t) ∈ cl U × [0, 1]R|0 ≤
λ(x) ≤ 1
2
}, and E = (X −U)× [0, 1]R. Then
B,C,D,E are G invariant deﬁnable subsets
of X × [0, 1]R such that X × [0, 1]R = (Y ×
[0, 1]R)∪B∪C ∪D∪E, D and E are closed
in X × [0, 1]R. The map ψ : C → [0, 1]R
deﬁned by ψ(x, t) = t
2(1−λ(x)) is a G invari-
ant deﬁnable function. Put B′ = B ∪ (Y ×
[0, 1]R). We deﬁne a deﬁnable G retraction
F : X × [0, 1]R → (Y × [0, 1]R) ∪ (X × {0}),
F (x, t) =
(r(x), t− 2(1− λ(x)), (x, t) ∈ B′
(H(x, ψ(x, t)), 0), (x, t) ∈ C
(H(x, 2tλ(x)), 0), (x, t) ∈ D
(x, 0), (x, t) ∈ E
,
where r := H(·, 1). Then F is a well-deﬁned
G map with the deﬁnable graph.
To prove continuity of F , it suﬃces to
check that for a point y of Y , F (x, t) con-
verges to (y, 0) if (x, t) ∈ C and (x, t) tends
to (y, 0). Since H is continuous at (y, t), for
any  > 0, there exists δ′ > 0 such that
||x − y|| < δ′, |t′ − t| < δ′ ⇒ ||H(x, t′) −
H(y, t)|| < , where ||z|| denotes the stan-
dard norm of z in a G representation con-
taining X.
Fix y ∈ Y,  > 0. We deﬁne a func-
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tion φ : [0, 1]R → R, φ(t) = min{sup{δ′ >
0|||x − y|| < δ′, |t′ − t| < δ′ ⇒ ||H(x, t′) −
H(y, t)|| < }, 1}. Then φ is a positive func-
tion with the deﬁnable graph. By 3.1.2, 3.1.6
[1], there exist points 0 = a0 < a1 < · · · <
ak = 1 in [0, 1]R such that for each j with
0 ≤ j ≤ k − 1, φ|(aj, aj+1)R is constant,
or strictly monotone and continuous. More-
over limx→aj+0 φ(x) and limx→aj−0 φ(x) exist
in R. By construction of φ, limx→aj+0 φ(x),
limx→aj−0 φ(x) are positive. Thus modifying
φ, if necessary, we may assume that for each
j with 0 ≤ j ≤ k − 1, φ|[aj, aj+1]R is a pos-
itive deﬁnable function. Since [aj, aj+1]R is
deﬁnably compact, φ|[aj, aj+1]R has the min-
imum δj > 0. Let δ = min{minj δj,minj φ(
aj)} > 0. Then ||x − y|| < δ ⇒ ||H(x, t) −
y|| = ||H(x, t) − H(y, t)|| <  for any t ∈
[0, 1]R. Thus F (x, t) → (y, 0) as (x, t) →
(y, 0). Note that lim(x,t)→(y,0),(x,t)∈C ψ(x, t)
does not necessarily exist.
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